Abstract In this paper, a new method ''extended modified cubic B-spline differential quadrature method (EMCB-DQM)" is introduced by using extended modified cubic B-spline functions as test functions in the traditional differential quadrature method. The accuracy and efficiency of the method are tested in view of three numerical problems. The obtained results are compared with the exact solutions and with the results available in the literature. The simple algorithm, least computational efforts and good accuracy are the main advantages of the proposed method. Thus, the proposed method may be used as an alternative method for the numerical treatment of the nonlinear partial differential equations (PDEs). The stability analysis of the method is also carried out. 
Introduction
Let us consider a well-known population based one dimensional nonlinear Fisher's reaction-diffusion equation u t À a 1 u xx ¼ a 2 uð1 À uÞ; x 2 ½a; b; t P 0; ð1Þ with initial condition uðx; 0Þ ¼ xðxÞ; x 2 ½a; b;
and Dirichlet boundary conditions uða; tÞ ¼ f 0 ðtÞ; uðb; tÞ ¼ f 1 ðtÞ; t P 0:
where the positive constants a 1 and a 2 are the diffusion coefficient and the reaction factor, respectively. This equation deals with the populations, that can consist of cells in a tumor or people or fish. The wave of advance of advantageous genes is described by the Fisher's equation [2] . In the last decades, enormous efforts have been carried out by many researchers for the numerical study of the Fisher's reaction-diffusion equation. This equation attracts the researchers because of its multiple applications in different fields of science and engineering. First of all, an approach ''pseudo-spectral approach" was used for the numerical simulation of the Fisher's equation by Gazdag and Canosa [6] . An explicit and implicit finite-difference algorithm was used by Parekh and Puri [17] while Adomian decomposition method was used by the authors of [13, 28] . Logan [12] used perturbation method to evaluate the existence of a traveling wave solution. Qiu and Sloan [18] used moving mesh method. Sahin et al. [19] applied B-spline Galerkin approach while Cattani and Kudreyko [3] proposed the wavelet-Galerkin approach toward the solution of the Fisher's equation using complex harmonic wavelets. Mittal and Jiwari [16] used differential quadrature method to find the numerical solution of the Fisher's reaction diffusion equation. Mittal and Jain [15] proposed modified cubic B-spline collocation method over finite elements to study the nonlinear Fisher's reactiondiffusion equation. Verma et al. [27] used Lie symmetry method for analytic and the numerical study of the nonlinear diffusion equations of Fisher's type. Zhao and Wei [29] introduced a discrete singular convolution algorithm for the numerical solution of the Fisher's equation. They proposed two numerical treatments, a moving frame and a new asymptotic scheme to overcome the slight difficulties involved in the numerical solution of the Fisher's equation. The efficiency of the algorithm was confirmed through the three other schemes, i.e. Fourier pseudospectral, the accurate spatial derivatives, and the Crank-Nicolson schemes. Sahin and Ö zmen [32] used the collocation method with quintic B-spline functions on a uniform mesh while Dag˘et al. [31] used the Galerkin method with quadratic B-spline base functions to solve the Fisher's equation numerically. Authors of [30, 31] studied the effects of reaction and diffusion related to pulse disturbance, step disturbance, super-speed wave and strong reaction. In this paper, an extended modified cubic-B-spline algorithm with differential quadrature method is introduced to solve the population based one dimensional nonlinear Fisher's reaction diffusion equation. Proposed method is used in space and an optimal five-stage and fourth order strong stabilitypreserving Runge-Kutta method (SSP-RK54) is used in time, to solve the Fisher's reaction diffusion equation. The efficacy and accuracy of the method are confirmed by taking three test problems. Rest part of the paper is organized as follows: DQM is introduced in Section 2 while Extended modified cubic B-spline functions, weighting coefficients and implementation procedure of the method, are given in Sections 2.1-2.3, respectively. In Section 3, Stability analysis of the method is discussed. In Section 4, three test problems are taken in order to check the accuracy and efficiency of the method while Section 5 concludes our study.
Differential quadrature method
The differential quadrature method is used to approximate the special derivatives as a linear combination of functional values at some given discrete points in the entire domain. Easiness and effortlessness for the numerical solution of PDEs make this method more appropriate. First of all, Bellman et al. [34] introduced this method. To apply this method, we assume that N grid points: a = x 1 < x 2 , . . . < x N = b are uniformly distributed with space step size h = x i+1 À x i . The rth order partial derivatives of u(x, t) with respect to x are approximated at x i for i = 1, 2, . . . , N, are defined as follows: The B-spline functions have a significant role in spline function spaces. They are used as a test function in differential quadrature method to approximate the weighting coefficients. In this method, several B-spline basis functions, viz., B-spline, cubic B-spline, Quartic B-spline, modified cubic B-spline and sinc functions, Lagrange interpolation and Legendre polynomials [21, 22, 20, 16, 14, 9, 10, 8, 11, 1, 23, 25] are used as a test functions. There exists another basis functions called as extended B-spline functions [32] having the same characteristic properties such as the B-spline functions. Ersoy and Dag˘ [5] proposed an extended B-spline collocation method for the Fisher's equation while Dag˘et al. [4] proposed extended cubic B-spline algorithm for a modified RLW equation. In this paper, an extended modified cubic-B-spline algorithm with differential quadrature method is introduced.
Extended modified cubic B-spline functions
Suppose g 2 R, then the blending function of degree 4 of extended cubic B-spline has the following form [4, 5, 32] where Àkðk À 2Þ 6 g 6 1, k denotes the degree of extended cubic B-spline. g is called free parameter, which is used to obtain different forms of extended cubic B-Spline function. For g = 0, the extended cubic B-spline function reduces to cubic B-spline function. The extended cubic B-spline is the generalization of the B-spline. Gang and Guo-Zhao [32] studied the three extended B-splines of degrees 4, 5, and 6. To change the shape of the cubic B-spline curve, the free parameter is introduced within the cubic B-spline. This new form is called the extended B-spline base function. Therefore, the extended B-spline base function is constructed in such a way that onefree parameter is included and the degree of the piecewise polynomials is increased but the continuity of the extended cubic B-spline remains in the cubic order. This gives an idea to set up a numerical method using extended cubic B-spline as a trial function. Here {E 0 , E 1 , . . . , E N , E N+1 } is chosen in such a way that it forms a basis over the domain [a, b] . The values of
extended cubic B-spline and its derivatives at the nodal points are given in Table 1 .
It modified in such a way that that the diagonally dominance property of the resulting matrix will remain preserved. The extended cubic B-spline basis functions are modified as
where {B 1 , B 2 , . . . , B N } forms a basis over the domain [a, b].
Determination of the weighting coefficients
Taking r = 1 in Eq. (4) and substituting the values of B m (x), m = 1, 2, . . . , N, we get a system of linear equations:
With the help of Eq. (6) and Table 1 , Eq. (7) reduces into a tri-diagonal system of equations:
where A is the coefficient matrix of order N given by the following:
A ¼ is the weighting coefficient vector corresponding at the knot point x i , and the coefficient vectorR 
We note that the coefficient matrix A is invertible. The tri-diagonal system of equations is solved for each knot point x i (i = 1, 2, . . . , N) using the Thomas algorithm [26] , which gives the weighting coefficients a The weighting coefficients a ð2Þ ij ð1 6 i; j 6 NÞ for second order partial derivatives are computed by using the formula given by Shu [20] 
Implementation of the method
On substituting the approximated values of the spatial derivatives computed by EMCB-DQM, Eq. (1) transformed into the form: 
where L denotes spatial nonlinear differential operators. An optimal five-stage, order four strong stability-preserving time-stepping Runge-Kutta (SSP-RK54) method [7, 24] is used to solve Eq. (11) together with initial and boundary conditions. SSP-RK54 scheme is defined through the following steps: 
Stability analysis
After implementation of boundary conditions and using linearization technique for the nonlinear term u(1 À u) by assuming u is locally constant [33] , Eq. (10) can be rewritten as follows:
where
which can be written in the matrix form as
where {W} = (u 2 , u 3 , . . . , u NÀ1 ) is an unknown vector of the functional values and P is square block diagonal matrix given by 
Stability of the proposed method depends upon the stability of the system of ODEs (12) . If the system (12) is unstable, the method for the temporal discretization may not generate the converged solution. The system (12) will be stable if the real parts of the eigen values of matrix P are either negative or zero. For complex eigen values, some tolerance may exist that the real parts of eigen values may be small positive. Fig. 1  (a) and (b) shows the real and imaginary parts of the eigen values of matrix P for a 2 = 1 and 10 (U 2 , U 3 , . . . , U NÀ1 are chosen from Example 1). It is clear that the real parts of all eigen values of matrix P are negative for a 2 = 1 and 10. So, the real part of eigen values of matrix P depends on a 2 . Thus, the method is conditionally stable.
Numerical results and discussion
In this section, we consider three test problems of the nonlinear Fisher's equation to perform the numerical computation of the proposed method. The accuracy and consistency of the method are measured in terms of error norms L 2 and L 1 , defined as follows:
where U and u denote the exact and computed solutions at the node j, respectively. The exact solution of the Example 1 is taken as
The initial conditions are extracted from Eq. Table 2 shows the absolute error for the range À0:2 6 g 6 :18, and it is clear that the least absolute error is found for g = 0.04. Finally, we set up g = 0.04 for the remaining calculation.
Computed results are presented graphically in Figs. 2-4 to compare with the exact solution at different time levels. Table 3 shows L 1 and L 2 error norm for different values of t for a 2 = 2000 and 10,000. An excellent agreement is found between exact and numerical solutions. Table 4 lists the comparison of the solution approximated by present method for N = 64, a 2 = 10,000, Dt = 5 Â 10 À6 with the solutions approximated in [29] by Crank-Nicolson finite difference scheme (CN), Accurate space derivatives (ASD) and Discrete singular convolution (DSC) and with two results of moving mesh method [18] (a) MMDAE with N = 50 and (b) method of lines on an evenly spaced grid with N = 300 at different t. It can be seen from Table 4 that the present results are much accurate than the results approximated by CN [29] , ASD [29] and with two results of moving mesh method [18] . Thus, proposed method may be considered as an alternative method for solving PDEs. Example 2. We consider the Fisher's equation (1) as given in [3, 14, 15] u t À a 1 u xx ¼ qu 2 À pu; 0 < t < 1 and À 1 < x < 1; ð20Þ Table 4 Comparison of the present solution with CN [29] , ASD [29] , DSC [29] , MMDAE [18] with N = 50 and method of lines on an evenly spaced grid with N = 300 for Example 1 with a 2 = 10,000, Dt = 0.000005. Figure 5 Absolute error for different g for Example 2 with h = 0.025, Dt = 0.01 at t = 2. uðx; tÞ ¼ 0:
The exact solution of Example 2 is given as
The solution of the Fisher's equation (17) represents a shock-like traveling wave, which predicts a wave front of increasing allele frequency that propagates through the population. In front of the wave, only original alleles are present but behind the wave, mutant allele is taken an area. This equation represents the change in density of labeled particles, which depends on the infection rate Àqu 2 + pu at a given time and the diffusion in the nearest region. The infection rate is measured by the term pu, which is proportional to the density of the infected and uninfected particles. The term Àqu 2 shows how fast the infected particles are diffusing.
The EMCB-DQM solutions of Eq. (17) together with initial and boundary conditions are obtained for parameter a 1 = 1, p = 0.5, q = 1, r = 1, Dt = 0.01 at different values of t. In order to find the best value of free parameter g for this problem, the program is run for different values of g in the range [-1, 1] for h = 0.25 and shown in Fig. 5 , it is clear that the least absolute error is found for g = 1. Finally, we set up g = 1 for remaining calculation of Example 2. The comparison of the proposed method results with the results obtained in [3, 14, 15] at t = 2 and t = 4 is reported in Tables 5 and 6 , respectively. It is found that the computed results are better than the earlier results. Fig. 6 shows the comparison of numer- (19) . To find the best value of free parameter g for this problem, the program is run for different values of g in the range [À8, 1] for h = 0.25, a 2 = 1, c 1 = 5, Dt = 0.0001 at t = 1 and shown in Fig. 7 in the range [À2, 1] . It is clear that the least absolute error is found approximately for g = À1.8. Finally, we set up the g = À1.8. Table 7 shows the L 2 and L 1 errors norms for a 2 = 1, h = 0.25, c 1 = 5, and 10, Dt = 0.0001 at different time t, which are very small and negligible. Comparison of numerical and exact solution with h = 0.5, Dt = 0.0001 for different time level t is shown in Fig. 8 . It is concluded in Fig. 8 that the computed and exact solutions are very similar.
Conclusions
In this paper, a new technique based on extended modified cubic B-spline functions is introduced to solve nonlinear partial differential equations. Extended modified cubic B-spline functions are used with differential quadrature method to find the weighting coefficients. The proposed method is tested on nonlinear Fisher's reaction-diffusion equation. Finally, the authors draw the following conclusions:
(i) A technique based on extended modified cubic-B-spline functions is introduced to find the weighting coefficients of differential quadrature method than the traditional technique of Lagrange interpolation. (ii) The numerical results obtained by the proposed method are compared with the numerical results obtained in [3, 14, 15, 18, 29] . It is found that the present results are much accurate than the results obtained in [3, 14, 15] and obtained by MMDAE [18] , method of lines [18] , CN [29] and ASD [29] . (iii) The simple algorithm, least computational efforts and good accuracy are the main advantages of the proposed method. Thus, the proposed method may be used as an alternative method for nonlinear PDEs. (iv) The proposed method may be useful to extend for computation of higher dimensional partial differential equations appearing in the various applications of engineering and science.
